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EVOLUTION OF THE JOINT MOTION OF TWO VISCOUS
HEAT-CONDUCTING FLUIDS IN A PLANE LAYER UNDER
THE ACTION OF AN UNSTEADY PRESSURE GRADIENT

V. K. Andreev UDC 532.5.013

A study is made of an invariant solution of the equations of a viscous heat-conducting fluid, which is
treated as unidirectional motion of two such fluids in a plane layer with a common boundary under
the action of an unsteady pressure gradient. A priori estimates of the velocity and temperature are
obtained. The steady state is determined, and it is shown (under some conditions on the pressure
gradient) that, at larger times, this state is the limiting one. For semiinfinite layers, a solution in
closed form is obtained using the Laplace transform.
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1. Formulation of the Problem. Motion of two immiscible incompressible viscous heat-conducting fluids
with a common interface is considered. We introduce the following notation: Q; (j = 1,2) are the domains occupied
by the fluids with interface I', u;(z,t) and p;(z,t) are the velocity vector and pressure, respectively, and 6;(x,t)
are deviations from average temperature. Then, in the absence of external forces, the system of equations is written
as
db;

dtj = XjAaj, diVUj = 0, (11)

du; 1
dtj + pj ij = ujAuj,

where p; is the average density, v; is the kinematic viscosity, x; is the thermal diffusivity, and d/dt = 0/0t +u;- V.
At the interface I', we specify the following conditions:
— the equality of the velocities

U] = Uo, xely (1.2)
— the kinematic condition
u;-n = Vp, xz el (1.3)
— the dynamic condition (in the case of no surface tension)
(P, — P)n =0, zel; (1.4)
— the continuity condition for the temperature and heat flux
ftn 80 cer 0
In (1.2)—(1.5), n is the unit normal vector to the surface I' directed from the domain ; to the domain o,
Vi is the velocity of motion of the surface along the normal, P; = —p; E + 2p;v;D(u;) are the stress tensors, D is

the strain rate tensor, and the constant k; is the thermal conductivity.
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The domains §2; and €3 can be in contact not only with each other but also with the solid walls ;. On the
walls, we impose the slip condition

u; = a;(x,t), x € Xy, (1.6)
where a;(x,t) is the velocity of motion of the wall ¥;. In addition, the temperature on ¥; is considered specified:
9j = Hﬂ(m,t), T € Ej. (17)

To complete the formulation of the problem, relations (1.1)—(1.7) need to be supplemented by the initial
conditions

uj(w, 0) = uoj(:n)7 diVUQj =0, Hj(:n, 0) = 90]‘({13), T € Qj.

Below, we consider the system of equations governing the two-dimensional motion of two fluids with a plane
interface. It can be shown that this system admits the one-parameter subgroup [1] corresponding to the operator
0 0 0
+ A —pifit
ax J 89] p]f]( ) 8

[A; are constants and f;(t) are functions of time]. The invariant solution should be sought in the form

Uj ZUj(y,t), Uj:Uj(yvt)a pJ:_pij(t)x+PJ(yat)v HJ:AJ$+TJ(y7t)
The equation of conservation of mass implies that v; depends only on time: v; = v;(t), and the projection of the
momentum equations onto the y axis implies the relation p}ley = vj¢(t), where the subscripts y and ¢ denote
partial derivatives with respect to the corresponding variables. We will assume that v;(t) = 0; otherwise the slip
conditions on the motionless walls are not satisfied. Thus, the invariant solution is represented as

uj =uj(y,t), v; =0, p;j=pifit)x+Pit), 0;=Ax+Tiy1) (1.8)

Substituting (1.8) into system (1.1) and taking into account conditions (1.2)—(1.5) on the interface y = 0,
we obtain the initial-boundary-value problem

J

Ujt = VjUjyy T+ fj(t)v Tjt = Xjijy - Auj

(1.9)
at —lLhi<y<0(j=1), 0<y<ls (j=2)
ul(O,t) = UQ(O,t), Tl(O,t) = TQ(O, t),
k1T14(0,t) = kaT5,(0,1), pavotay(0,t) — prviug,(0,t) = 0, (1.10)

u;(y,0) =0, T;(y,0) = 0.

In the second equation of (1.9), A = A; = As (due to the equality of the temperatures at y = 0). Conditions
(1.10) need to be supplemented by conditions on the solid walls y = —{; and y =l (1.6):

Ul(—ll,t) = UQ(ZQ, t) =0 (1.11)
and zero temperature perturbations (1.7) should be specified:
Ty (—1y,t) =0, Ts(la,t) = 0. (1.12)

Thus, solution (1.8) can be interpreted as follows. We assume that, at the initial time, the first fluid fills
a layer —l; < y < 0 and the second a layer 0 < y < ly. The fluids are in the state of rest in each layer of the
temperature field §; = Az. Instantancously arising pressure gradients f;(t) sets the fluids in motion in which the
interface remains plane (y = 0) and the trajectories are straight lines parallel to the « axis. The functions u; and T}
will be called perturbations of the state of rest of the fluids. At A # 0, the velocity field influences the temperature
perturbation in the layers (—I;,0) and (0,l2). The evolution of such perturbations is described by the solution of
the initial-boundary-value problem (1.9)-(1.12).

It should be noted that the unidirectional (layered) motion of a viscous fluid under the action of a pressure
gradient have been studied extensively (see, for example, [2, 3]). The velocity field, as a rule, is represented in the
form of a number of channels of finite width. In the case of motion of two viscous fluids with a common interface
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for semibounded layers, self-similar solutions describing the smoothing of a plane velocity discontinuity [3] and
thermocapillary motion [1] have been found.
REMARK 1. Because p; = p2 at y = 0 for all x, the dynamic condition at the interface (1.4) implies that

p1fi(t) = p2fa(t), Pyi(t) = Pa(1). (1.13)

Thus, Egs. (1.9)-(1.12) form two successively solved problems for the functions (u1,us2) and (71, T5).

2. Determination of the Velocity Field in the Layers. Taking into account Remark 1, we examine
the problem of the velocity field in one of the layers for a pressure gradient that arises suddenly in one of the layers.
In this case, we have the linear conjugate initial-boundary-value problem [f(t) = f1(t)]:

Ui = ViUiyy + (1), —l <y <0 (2.1)

uy(—l1,t) = 0; (2.2)

Uz = vaUayy + (p1/p2)f(t),  0<y<ly (2.3)
us(la, t) = 0; (2.4)

u1(0,t) = u2(0,t), i1y (0,t) = pauay(0,1), t>0; (2.5)
ui1(y,0) =0, -l <y<O0, us(y,0) =0, 0<y<lo. (2.6)

Here p1,2 = p1,2v1,2 are the dynamic viscosities.

REMARK 2. Without loss of generality in (1.13), we can assume that P;(t) = P2(t) = 0 since these functions
do not influence the motion of the fluids.

Let us obtain some a priori estimates of the solution of problem (2.1)-(2.6). We multiply Eq. (2.1) by
pru1(y,t) [Eq. (2.3) by paus(y,t)] and integrate the result over y from —Iy to zero (from zero to l3). Combining the
resulting equalities and using boundary conditions (2.2), (2.4), and (2.5), we obtain the relation

0 lo 0 l2
dE(t
di ) + /U?y dy+u2/ugydy=p1f(t)( / u dy+/U2dy), (2.7)
—1lq 0 —l1 0
where
1 0 1 Lo
BO = o [ dtdys e [ o 0dy (28)
L 0

is the kinetic energy of the two layers.

Equation (2.7), in particular, implies that the solution of problem (2.1)-(2.6) is unique: if f(¢) = 0, then
u1(y,t) = ua(y,t) = 0.

Equality (2.7) allows one to determine [with some constraints on the function f(¢)] the asymptotic behavior
of the solution as ¢t — oo. Indeed, by virtue of conditions (2.2) and (2.4) for u;(y,t) and uz(y,t), Friedrichs
inequalities are valid:

l2 l2

0 0
12 12
/ul(y, t)dy < 21 /u?y(y,t) dy, /ug(y,t) dy < S/ugy(y,t)dy- (2.9)
I

-l 0 0

Using inequalities (2.9) and the Cauchy—Bunyakovskii inequality and taking into account that /a + Vb <
V2(a+0b), a>0,b>0, from (2.7) we obtain

dE(t)
dt

where § = min (1] *v1,15 *v2) and §; = pymax (\/l1/p1,/12/p2). According to (2.8) and initial conditions (2.6),
E(0) =0, and, hence, from (2.10) we obtain
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t

E(t) < 5%(/ |f(t)] e dt)2e_45t. (2.11)

0
Hence, if the integral
/ |f(t)|eX dt = /C, >0 (2.12)
0
converges, then, Eq. (2.11) implies the inequality
E(t) < 62C e 4 (2.13)

for all t > 0. Therefore, as t — oo, the L?-norms of the functions u;(y,t) and ua(y,t) tend to zero exponentially
and uniformly in y € (—l2,0) and y € (0,12) if condition (2.12) is satisfied. To obtain estimates of |u;(y,t)|, it is
necessary to estimate the integrals

l2

0
/ u%y dy, /ugy dy.
I

0

Let u(y,t) be a solution of the equation u; = vuy, + F(y,t), y € [a,b]. Then, the following identity holds:

b
//ut—l—yu dydt—l—y/uidy

a

t b

t b
b
= QV/(utuy) dt—|—u/ugy dy+//F2(y,t) dy dt, (2.14)
0 0 a

where ug(y) = u(y,0). Identity (2.14) follows from the equality

t b t b

0 10
//(ut—uuyy)2 dydt://Fz(y,t) dy dt, Upllyy = oy (uruy) — 5 875( )
0 a 0 a

In (2.14) we first set v = u1, a = —l1, b =0, v = 11, and F' = f(t) and multiply the resulting equality by
p1; after that, we set u = ug, a = 0, b = ly, v = o, and F = pyp, ' f(t) and multiply the resulting equality by po.
Combining these equalities, for problem (2.1)-(2.6) we obtain the integral identity

2

t
pl// u1t+ylulyy dydt+ﬂ2// u2t+y2u2yy dydt
0 0

0 -

2

0 t
+ 1 /ufy dy+u2/u§y dy = p1(ly +12)/f2(t) dt. (2.15)
-l 0

0

Equation (2.15) was derived taking into account boundary conditions (2.2), (2.4), and (2.5) and initial conditions
(2.6). Hence, for all t > 0, the inequalities

0 I
Ey(1) / En(t)
2 1 2 1
uy, dy < , us, dy < 2.16
/ ly Y= L 2y Y L2 ( )
i 0
are valid [F(t) is the right side of (2.15)]. Then, if in addition to the integral in (2.12), the integral
/f2(t) dt=Cy>0 (2.17)
0
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converges, the following estimates hold, which are uniform in y [y € (=I1,0) and y € (0, l5]:

1/2

P

Juj (y, 1) < (251\/ 5153) e 20t (2.18)
I3

[C3 = p1(l1 +12)Co; j = 1,2]. Estimates (2.18) are obtained using the equalities

l2

Y
u%(ya t) =2 / ul(ya t)uly(yv t) dy7 U%(.% t) = —2/U2(y, t)uQ?J(ya t) dya
=l Y

the inequalities (2.7), (2.16), and (2.17), and the Cauchy-Bunyakovskii inequalities.

REMARK 3. It can be shown that if condition (2.12) is satisfied, condition (2.17) is also satisfied.

Thus, we proved the following theorem.

Theorem 1. If the condition (2.12) is satisfied and t — oo, the solution of problem (2.1)~(2.6) tends to the
zero solution, and the estimates of the rate of convergence (2.18), which are uniform in the intervals (—11,0) and
(0,12), are valid.

In other words, if in one of the fluids, the pressure gradient tends to zero rapidly enough, then, according to
inequalities (2.18), the motion of these fluids is retarded by viscous friction.

To gain more accurate information on the behavior of u;(y,t), we apply the Laplace transform to problem
(2.1)—(2.6):

u;(y,p) :/e"’t uj(y, t)ydt,  j=12; (2.19)
0

for the conditions of applicability of formula (2.19) see, for example, in [4]. As a result, we obtain the following
boundary-value problem for the images @;(y, p):

ﬂ//ll - P al = _f(p) (_ll < Yy < 0)7 al(_lhp) = 07
1% V1

- Pay=— " Fp) (0<y<ly), dsap) =0, (2.20)
V2 P22

a1(0,p) = u2(0,p),  p@i(0,p) = p2ty(0,p)

(the prime denotes differentiation with respect to y).
After some transformations, from (2.20), we obtain

a1 (y,p) = _péggg) [(p— (p — 1) cosh \/Vp; 12) sinh \/fl (y+ 1)

_ (Sinh \/p y + sinh \/p ll) cosh \/p cosh \/p y — cosh \/p ll) sinh \/p lz},
121 121 12 141 14! V2

ﬂz(y,p)=—p£9;; [ V(1+ 1) cosh \/ull )Smh \/zi ) (2.21)

+ H p(sinh \/ y — sinh \/p cosh \/p l1 +p(cosh \/p y — cosh \/p lg) sinh \/p 11]
Vv 1 Vo 2 v

Here f(p) is the image of f(t), p = p1/p2, jt = p/pi2, v = 1 /v, and

p M p p
- . 2.22
— sinh \/ » Iocosh \/ o ( gy oot \/ > lotanh \/ . zl) (2.22)
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The originals u;(y,t) (j = 1,2) are found from the formula

a-+100
1 -
uj(y,t) = o / eP?t U (y, p) dp. (2.23)

We assume that there exists the limit tlim f(t) = fo = const. Then, limopf(p) = fo [4]. Tt is clear that,
—00 p—
in this case, the function f(t) does not satisfy condition (2.12). We calculate lirr%) pi;(y,p) according to formulas
p—?
(2.21). Simple but tedious calculations taking into account the asymptotic representations sinh o ~ 2 + 2% /6 and
cosh z ~ 1+ 22/2 as z — 0 yield

o 3 fo y\2  u—0 y  pl+1)
1 = 1 — = 0
pli%pul(y’p) 21, [ (ll) + Wp+1) 1l i l(,u—f—l)} wy),

Bfoup (yN2 , p=Py 10+1)7_ o (224
20, [_(zg) tasi T out }_ W),
where | = 11 /l5. It is easy to check that the right sides in (2.24) are the exact steady-state solution of problem
(2.1)-(2.6) with the replacement of f(¢) by fo. Thus, as t — oo, the solution of problem (2.1)-(2.6) become
steady-state.

The solution for semibounded layers can be obtained from formulas (2.21). For this, in formulas (2.21) we
set ly,la — 00. Then, according to (2.22)

W(p) ~ (1+ jy)exp (\/li ll—l—\/yp;lz).

Denoting the limits 4;(y, p, {1,12) by Uj(y,p) and performing some transformations, we obtain

A fp) [1+ wie=1 o (\/]Z y)}

lim piiz(y, p) =
p—0

p p+
: i) w1 p (225)
Uz(y,p) = » [p— s eXP(— \/u2 y)}
Using the properties of the inverse Laplace transform [4], we find the originals:
t
Vr(p—1) y
Ui(y,t) = / 7)1+ Erf | — dr,
l(y ) / f( )[ /1*"’_\/1/ ( 2\/1/1(t—7')):|
t (2.26)
nlp—1) y
Us(y,t) = / T)|p— Erf dr.
2(y.1) 0 o= <2\/V2(t—r))]
Here
0 [ .
Erfz=1-—erfz, erf z = /e “ dz.
NG
0
From formulas (2.26), we obtain the solution of problem (2.1), (2.3), (2.5), (2.6) in semibounded layers.
Instead of the pressure gradient, it is possible to specify the volumetric flow rate in the layers:
0 ly
a0 = [uw0d, Qo= [ul.0d (227)
—I 0

For example, the layer (—I1,0) is water and the layer (0,ls) is oil; the oil flow rate Q2(t) is specified. Applying the
Laplace transform (2.19) to equalities (2.27) and using formulas (2.21), we obtain

603



Q1(p) = _p{;gl();) {\/l; (cosh \/i Iy — 1) (p — (p— 2) cosh \/52 lg)
+ \/1 s1nh\/ llblnh\/ Iy

—ll(smh \/ l1 cosh \/  cosh \/ I1 sinh \/ P 12)} (2.28)
Q2(p) = — IJ;E]Z [“\/ (‘cos \/ b-1)(1+ 20— 1) CObh\/p

+p\/”2 sinh \/p Iy sinh \/p I — ng( P sinh \/p Iy cosh \/p I1 + cosh \/p Iy sinh \/p 11)] (2.29)
p %) vy Vv V2 141 1) 141

From (2.29) we obtain f(p), and from formula (2.23) we find f(¢). The flow rate of the first fluid (water) is
determined from (2.28) and (2.23).
It is of interest to determine the flow rate for the steady-state flow (2.24). In this case,

0

l3
o= [ Wy = PN gusa
Q7 /ul(y)y 12yll(#+l)(u+ p+17),
—1y

lo flg
0 0 0b2f 2
= = 4 .
Q3= [y =, IV ar )
0

The ratio
QY  p op+4l+302
QY 12 4pl 4+ 3u+ 12
depends greatly on the thickness of the layers. Thus, for water and oil (u = 0.312), we have Q9/QY ~ 5.71 at
[ =0.25 (lo = 4l) and Q5/QY ~ 2.11 at [ = 0.5 (Iy = 2Iy).
3. Evolution of Temperature Perturbations. The initial-boundary-value problem has the form

Ty = x1Thyy — Aua, —l <y <0 (3.1)

T (—l1,t) = 0; (3.2)

Tor = x2Toyy — Auo, 0 <y <lo; (3.3)
To(lo, t) = 0; (3.4)

T1(0,t) = T5(0,t), k1T14(0,t) = koT5,(0,t); (3.5)
T1(y,0) =0, T>(y,0) = 0. (3.6)

The formulation of problem (3.1)—(3.6) coincides with the formulation of problem (2.1)—(2.6) in which f(t)
needs to be replaced by —Auy(y,t), pipy " f(t) by —Aus(y,t), vj by xj, and p; by kj. As x; = k;j/(pjcoj) (co; are
the specific heat capacities of the mixtures), multiplying Eq. (3.1) by p1co1T1 [Eq. (3.3) by paco2T5], and integrating
over y from —I; to 0 (from 0 to l2) and combining the equalities obtained, similarly to (2.7) we find

l2 l2

0 0

dE

dtz + k1 / T12y dy + ko /TQQU dy = —A(plc(n / ur Ty dy + paco2 /UQTQ dy), (37)
—l1 0 —l1 0

where
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0 Iz
1 1
Eg(t) = 9 pP1C01 / T12 dy + 9 P2C02 /T22 dy (38)
I 0
Estimate (2.13) leads to
0

la
2 2 —46t 2520 —46t
/ﬁ@édﬂ” , /@@é e (3.9)

L1 P2
- 0

The functions Tj(y,t) satisfy the Friedrichs inequalities (2.9); therefore from (3.7) we obtain an inequality
similar to (2.10):

dEs

dt

where 0, = min (lfle, lgzxg) and 03 = v/2|A|61v/C1 max (v/€o1,+/co2). From this it follows that

oy < | T 0P, 6y
e 0312 ¢~ 1021 5y =0,

Estimate (3.10) was derived taking into account that F5(0) = 0 by virtue of (3.8) and initial data (3.6).
Estimates of the integrals

+ 482 Fs(t) < 2631/ Ea(t) e~ 2,

(3.10)

0 lo
/ 7, dy, /Tzzy dy
1 0

are obtained from identity (2.14), in which v; needs to be replaced by x;, u; by T;, and F; by —Au;. Multiplying
(2.14) by pjco; and combining the equalities obtained, we have the identity

lo

t t
101001/ /(T1t+X1T1w dydt+02002/ (T3, + X5T5,,) dy dt
0 1, 00

0 Iy t o
+ k1 /Tfydy—kkg/TQy dy = A 1001//u1 dydt+pgcog//u2dydt (3.11)
0 —1I
Using 1nequahtles (3.9), from (3.11), we obtain

lo

0
— 45t 52(1 — e—40t
[z a0, (3.12)

i 0
where
04 = A25%01 (601 + CQQ)/(25).
Therefore, from (3.8)—(3.10) and (3.12), we obtain

1/2
ITj(, )| < (20/260F2(0)/ (hpieos) )
Hence, in this case, the temperature perturbations decay exponentially with time (as e 2% for § < d, and as e~
for § > d2).

Applying the Laplace transform to problem (3.1)-(3.6), we obtain the following boundary-value problem for
the images:

255t

~ ~ A
Tl// _ p Tl — u’l(yvp), _ll < y < 07
X1 X1
i (3.13)
~ - A
TZH b Ty = U2(y,p)7 0<y<lo;
X2 X2
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Ty(0,p) = To(0,p),  KT(0,p) = T5(0, p); (3.14)

Ti(~l1,p) =0, Ty(l2,p) =0 (3.15)

(k = ki1 /ks; the prime denotes differentiation with respect to y). The solution of problem (3.13) can be represented
as

Tl(y,p) = L sinh \/5 y + Lo cosh \/ / U1 (z, p) sinh \/;) (y — 2)dz; (3.16)
1 1

a’ Xl\/pX i

y
Ty(y,p) = Lasinh \/ y + L4 cosh \/ /uz z,p) sinh \/p (y — 2)dz; (3.17)
s e’ xQ\/pr v

in this case, the functions L;(p) (i = 1,4) are found from (3.14) and (3.15):

Gi(p) — Ga(p) p k
L= Lo =1L h Ly = L, —
1 Wa(p) ) 2 1 tan “ ly, 3 X 1 — G,
0 (3.18)
Ly=Ly— /ulzp)smh\/pzdz.
X1
Xl\/PX1 1
Here o
G (p):—kA \/X2 /ﬂl(z,p)cosh\/p zdz,
xever g X1 (3.19)

Acoth y/px5 ' s ’
Gay(p) = — \/ 2 /al(z,p)sinh \/p zdz+

lo
s ]
xl\/prl “n a xQ\/prZl sinh \/pr_llz 0

Ua(z, p) sinh \/p (Il — 2)dz,
X2

k
Wa(p) = ' +tanh \/p I1 coth \/p ls.
VX X1 X2

We find the steady-state solution of problem (3.1)—(3.5) [the initial data (3.6) are ignored in this case]. For
the functions 77 (y) and T9(y), we have the problem

A
Tloyy = Y1 uf (y), =l <y <0,
3.20)
A (
T2Oyy = Yo ug(y)a 0<y<lg;
Tlo(_ll) = 07 TZO(ZQ) =0
(3.21)

7P(0) =T5(0),  KT{,(0) =T5,(0),  k=Fki/ko.

Substituting the functions u9(y) and u3(y) from (2.24) into the right sides of Eqgs. (3.20), integrating, and performing

simple transformations, from (3.20) and (3.21), we obtain

Alifor vt (u=1)y" | pll+1)y?
TO(y) = MO ( =
1) 2x111 ( 121% + 6l1l(pn+1) + 2A(p+1) ) + a1y + az,
3.22)
Al fop ¢y (=1 U+ 1y? (
To(y) = "2 _
2(v) 2x2m1 ( 1213 + 6l (1 + 1) 2u+1) ) + kary + az,
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where the constants a; and as are determined from the formulas

Al fo

B P(pl+dp+1%) = A% 450,
ay 24X1U1(,U—|—l)(k_|_l) |: ( pl+4p + ) X//f(llt‘f' + )]
AlLl3 fo ) , )
o R (5l + dp+ 12) + xpalp + 41 + 50)]
az 24x1v1 (w+ D)k +1) [ (5p H )+ xp(p )}

It can be proved that tlim T;(y,t) = TJQ(y)7 i.e., with time, the temperature perturbations in the layers become
—00
steady-state if tlim f(t) = fo. For this, it is sufficient to calculate the limits 1imO pT;(y,p). As an example, for
—00 p—

j =1 we transform expression (3.16) using (3.18):

Gilp) = Galp) \/ Pyt +
Wa(p) cosh \/pxi s u X1 \/x P

_ Next, we can substitute @;(y, p) from (2.21) into (3.18), (3.19), and (3.23) and obtain an explicit expression
for T1(y, p). However, this expression is very cumbersome and is not given in the present paper. There is a simpler
method for calculating the limit lirr%) pT1(y,p) based on (3.23) and the obtained limits lir% pu;(y,p) = ujo(y) using

p— p—

Ti(y,p) = / 41 (z,p)sinh \/; (y—2)dz. (3.23)

—I

formulas (2.24). For p — 0 (sinh  ~ x, cosh z ~ 1, and = — 0), relation (3.19) leads to

wp~ L e~ N [

pGa(p /0 uf(2)zdz + x/ug(z)(lg —2) dz).

Xllz\/pX2 L 0

The integrals on the right sides of these expressions are easily calculated with the use of formulas (2.24):

0
0 _ fOl:f 2
/ul(z)dz = 19mi(u+ 1) (Apl +3p+17),
I
0
/uo(z)zdz:— folt (Bl + 241+ 1%)
! Upl(p+1) HTETED
I

la
0 folg# 2
= 4 N
/ug(z)dz 190 (1 + 1) (u+ 30 + 41);
0

therefore,

lim pG1(p) — pGa(p) Smh\/p (y+ 1)
P77 Wa(p) cosh \/pr111 X1

Afol3[kI2(8pl + 6p + 21%) 4+ 13(3pl + 2 + 12) — px(p + 412 + 50)](y + 11)

= 2y (o + )k + 1) ' (3:24)
For p — 0, the second term in (3.23) multiplied by p has the limit
“ 2 4 2y,,3 2 2 2 2
A/u?(z)(y—z)dz:Afoll (_ y2 (p—=01)y° pl+ 1y +ll(8ul+6u+2l Yy +15(Bul + 2 +1 )) (3.25)
X1 2vixa N 127 6Li(p+1)  20(p+1) 120(p+1)

1
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Combining (3.24) and (3.25), we obtain the same formula (3.22) for TP(y). Similarly, it can be shown that
lim pT(y,p) = T3'(y).
For semibounded layers for [1,ly — oo, from (3.16)—(3.19), we obtain (Pr; = v;/x; # 1) equations

Z1(y,p) = Aigp) [Cl exp (\/Xflpy) - (u\j_y\(/f/)_(;r)fr_l 1 exp (\/V{lpy) - 1},

7 (3.26)
7 Af( ( —1)PI'2 _
Za(y,p) = 2 [Cz eXp( \/Xz py) uf:\';y)(l Pry) exp(— \/Vz 1py) —p},
where
Zi(y,p) = o T;(y, p, 11, l2),
B p—1 py/X (14 +/Pra)  k(y/x+ VvPry)
D=+ k+ ) ( Pro—1 Pri-1 ) (3.27)
o = p—1 (u(\/xPrg— k)  kyv(vVPri—1)+/x (k- \/l/)>
2T v+ )\ Pra—1 Pri -1

The functions Z; and Z satisfy boundary conditions (3.14) and Eqs. (3.13), in whose right sides, @, needs
to be replaced by Uj using relations (3.25).

From (3.26), applying the inverse Laplace transform (2.23), we obtain the following representations of the
temperature perturbations:

t
2

Zi(y,t) = A/(t—r)f(T){Cl[(l + QXI(yt_T)) Erf(_ 2\/Xllét —7'))

0

1 2
+ Niis \/Xl(yt_T) exp(— 4X1(Z—7‘))}

2

N (M\—/f—y\(/ﬁ;)_(ljgljr—l 1) Kl + 21q (zi — T)) Frt ( - 2\/V1?(Jt - 7'))

2
+ ;ﬂ \/ylé_T) exp (- 41/1(1;—7))} ~1}ar (3.28)

for y < 0 and

t
2

rlt) = A/(t _T)f(T){C2[(1 " 2><2(yt —T)) Bt (2\/X2?Zt—7')) - \/17T \/X2(yt—7') P ( - 4X2(?{5_T))}

0

2

(u —l:(\/;y_)(ll)P_)r;rz) Kl + 2u2(:i —7) ) Erf (2\/1/2 t—7) )

2

_\/171' \/yg(i—T) eXp(_ %(12_7))} _”} dr (3.29)

for y > 0 with the constants C; and Cy from formulas (3.27).
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If the Prandtl numbers are equal to unity (Pr; = 1), the solution has a different form:

2 2

2y 1) :Ao/(t_T)f(T){(h[(l+ 2X1(yt—7))Erf(_ 2\/X1:?t—r)) * \/17T \/x1(i—r) exp(— 4X1(yt—7))}

Vx(p—1) y { 2 y?

" 2(p+ X)) Vxalt —7) Ly eXp(_ 4X1(75—T)) " \/x1(i—r) Erf(_ 2\/x1:lét—7'))} - l}dT’

t . ) (3.30)
Zo(y,t) = A/(t ~nie{e|(1+ 2xalt — T)) Bt (Nxz(t - T>)

0

1 2
R \/Xg(yt—T) exp (- 4X2(i—7‘))}

n(p—1) y 2 Y B y . y AP
- 2(k+vX) /x2(t —7) {Wr eXp( 4xQ(t—T)) Vxe(t —17) b f<2\/x2(t—7'))} p}d '
Here
q1:_¢x(p—1)(k+u+2¢x) qzz(p—l)(Zuk+u\/x + ky/x)

2(p+ X))k +/x) 4(p+ X))k + v/x)

For f(t) = fi/vt (fi = const), among solutions (2.26) and (3.28)(3.30) there are self-similar solutions
U; = Vta;(§) and Z; = VI3b;(&;), where & = y//v;t because only in this case are Eqs. (2.1), (2.3) and (3.1),
(3.3) invariant with respect to the group of stretching transformations 4 = yu, § = vy, t = ¥%t, and T = >T with
the parameter ~.
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